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Abstract
Let Sn be the symmetric group of all permutations of n letters. We show that there are exactly 3441 distinct Wilf classes for
the permutations avoiding five patterns of length 4. Moreover, for each T ⊂ S4 with #T = 5, we determine the generating
function for the number of permutations in Sn(T ), the set of all permutations of length n that avoid each pattern in T .
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1. Introduction

A permutation on the set [n] = {1, 2, . . . , n} is any arrangement of the elements of [n]. We denote the set of all permutations
on [n] by Sn. For two permutations τ = τ1τ2 · · · τk ∈ Sk and σ = σ1σ2 · · ·σn ∈ Sn, we say that τ occurs as a pattern in σ

if there exists a subsequence in σ which is order-isomorphic to τ , that is, there exist k indices 1 ≤ i1 < i2 < · · · < ik ≤ n

such that σia < σib if and only if τa < τb for all 1 ≤ a, b ≤ k. Otherwise, we say that σ avoids τ . We denote the set of
all permutations in Sn that avoid τ by Sn(τ). More generally, we define Sn(T ) = ∩τ∈TSn(τ), for a set T of patterns. For
example the permutation 543216987 ∈ S9 avoids each of the patterns 1234 and 1324 but contains the pattern 2134. The
research of pattern avoidance has received a lot of attention in the last couple of decades. Initial results were obtained
by Knuth [9] and Simion and Schmidt [24] enumerated the permutations in Sn that avoid any subset of S3. In particular,
Knuth [9] showed that

#Sn(τ) = Cn =
1

n+ 1

(
2n

n

)
, τ ∈ S3, (1)

where Cn denotes the Catalan numbers. Note that the generating function for the Catalan numbers is given by C(x) =∑
n≥0 Cnx

n = 1−
√
1−4x
2x and it satisfies the equation C(x) = 1 + xC2(x).

Let T and T ′ be any two sets of patterns. We say that T and T ′ belong to the same symmetry class if and only if
T ′ can be obtained from T by the action of the dihedral group of order eight – generated by the symmetric operations
– reverse, complement and inverse – on T . Moreover, we say that T and T ′ belong to the same Wilf class if and only if
#Sn(T ) = #Sn(T ′) for all n ≥ 0.

We denote the number of distinct Wilf classes for the permutations avoiding exactly k distinct patterns from S4 by wk.
In [26,27,31] is shown that

w1 = 3.

Bóna [3] found an explicit formula for the generating function for the number of permutations in Sn(1342), and Regev [23]
(see also, [7, 8]) found an explicit formula for the generating function for the number of permutations in Sn(1234). The
enumeration of the remaining Wilf class, namely Sn(1324), is still an important open problem in the field of permutation
patterns.

For pairs of patterns in S4, Le [12] established that

w2 = 38.

Vatter [29] showed that 12 of the 38 Wilf classes can be enumerated with so-called regular insertion encoding algorithm
(the INSENC algorithm). This algorithm computes the (necessarily rational) generating function for any regular class,
namely a class of permutations avoiding a set T of patterns that has a regular insertion encoding (see also [1]). Some of
these generating functions were computed by hand by Kremer and Shiu [10]. Miner [21] computed the generating func-
tions for the classes Sn({4123, 1324}),Sn({4123, 1243}), and Sn({4123, 1342}). Miner and Pantone [22] studied the classes
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Sn({2413, 3412}) and Sn({3412, 4123}). For details on the enumeration of each 38 Wilf classes, we refer the reader to Se-
quences A006317-A006318, A029759, A032351, A047849, A053617, A109033, A116704-10, A164651, A165524-A165646,
A206736 in [25].

Triples of patterns from S4 were considered by Callan, Mansour and Shattuck [4, 5] (see also [6]), where they showed
that

w3 = 242.

Moreover, they found an explicit formula for the generating function for the number of permutations in Sn(T ) with T ⊂ S4

and #T = 3 expect for only one case, where it is conjectured that the respective generating function is not differentially
algebraic (see [1] and [25, Sequence A257562]).

Later, Mansour and Schork [14–16] showed that

w6 = 8438, w7 = 15392, w8 = 19002, w9 = 16293, w10 = 10624, w11 = 5857,
w12 = 3044, w13 = 1546, w14 = 786, w15 = 393, w16 = 198, w17 = 105,
w18 = 55, w19 = 28, w20 = 14, w21 = 8, w22 = 4, w23 = 2
w24 = 1.

To compute wk for k = 3 and 6 ≤ k ≤ 24 several software programs were used:

• Firstly, they used the software of Kuszmaul [11] to generate all symmetry classes of k patterns in S4 and the sequence
(#Sn(T ))16n=1 for every symmetry class.

• Secondly, they used INSENC software (for example, see [29]) and they found (if possible) the generating function
FT (x) =

∑
n≥0 #Sn(T )xn for all symmetry classes T ⊂ S4 with #T = 3, 6, 7, . . . , 24. Those symmetry classes for which

the generating function can be determined in this automatic way are called regular, while all other symmetry classes
are called non-regular.

• Lastly, by hand they computed wk with k = 3, 6, 7, . . . , 24 by determining the generating functions FT (x) for all non-
regular subsets T with #T = k.

Recently, by using this procedure, the author [13] showed that

w4 = 1100

and determined the generating functions FT (x) for all non-regular subsets T with #T = 4. Thus, it remains to find w5.
One of the aims of this paper is to show that

w5 = 3441,

see Theorem 2.1.

2. Enumeration and Wilf-classification of permutations avoiding five patterns

Note that there are 42504 subsets of S4 with 5 permutations. By the software of Kuszmaul [11], we see that there are 5733

symmetry classes for such subsets. To findw5, we use the following three steps. First, we determine the generating function
FT (x), for each non-regular symmetry class T with #T = 5. Second, by INSENC software, we find an explicit formula for
the generating function FT (x), for all regular symmetry class T with #T = 5, which determines 5156. Therefore, we are
left with 577 cases, that is, there are 577 non-regular symmetry classes in S4 with five patterns. We list them in Table 1
with the subset T being marked by ∗ if the generating function FT (x) is not rational. After a tremendous work, we can
formulate our main result.

Theorem 2.1. The generating functions FT (x) for non-regular symmetry classes T ⊂ S4 with #T = 5 are given in Table
1. In particular, we have w5 = 3441, which shows that there are exactly 361 non-regular symmetry classes determined by
rational generating functions and 216 non-regular symmetry classes determined by non-rational generating functions.

As a consequence of this theorem, we can state the following result.

Corollary 2.1. There are exactly 216 Wilf classes that are determined by an algebraic and non-rational generating function
FT (x).
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Most of these algebraic non-rational generating functions are expressed in terms of the generating function C(x) of
Catalan numbers.

We comment that some cases in Theorem 2.1 depend on the enumeration of permutations avoiding a pattern in S3
and/or a pattern in S4. We refer the reader to [30] for a survey of these results, and also to the references [2,18–20,28,32]
for other results in this direction.

For the sake of the reader, we have decided not to present most of the details of the proof of the main result but only
explain the methods used to determine the 577 non-regular symmetry classes as stated in Theorem 2.1. For each we only
provide one example to clarify the methods, for other examples, we refer the reader to [4,5,13,17].

Left-Right-Maxima: A permutation π expressed as π = i1π
(1)i2π

(2) · · · imπ(m) with i1 < i2 < · · · < im and ij > max(π(j))

for 1 ≤ j ≤ m is said to have m left-right maxima (at i1, i2, . . . , im). For a given set of patterns T , we define LRMn,m(T )

to be the set of all permutations in Sn(T ) having exactly m left-right-maxima. In order to find an explicit formula for the
generating function FT (x), we determine the generating function FT (x;m) =

∑
n≥m#LRMn,m(T )xn, for allm ≥ 1 (clearly,

the generating function in the case m = 0 is given by 1), for more examples see [4–6].

Example 2.1. Let T = {3142, 2143, 1432, 1342, 1243}, namely, Case 3215 in Table 1. Let π = i1π
(1)i2π

(2) · · · imπ(m) ∈
LRMn,m(T ). Clearly, FT (x; 1) = xFT (x). If m = 2, then π can be written as either π = (n − 1)π(1)nπ(2) with π(1) > π(2)

(we write α > β if each letter in α is greater than each letter of β), or π = inα(i+1)(i + 1) · · ·α(n−1)(n − 1)α(n) with
i > α(i+1) > · · · > α(n) and 1 ≤ i ≤ n− 2: this decomposition can be illustrated as

t t t t t t t
. . .

Thus,
FT (x; 2) = x2F 2

T (x) +
x3F 2

T (x)

1− xFT (x)
.

For m ≥ 3, π can be written as i1π(1)i2π
(2) · · · imπ(m) with i1 > π(1) > · · · > π(m), or i1i2α(i1+1)(i1 + 1) · · ·α(i2−1)(i2 +

1)α(i2)i2π
(3)i3 · · · imπ(m) with i2 − 1 > i1 > α(i1+1) > · · · > α(i2) > π(3) > · · · > π(m). Therefore,

FT (x;m) = xmFmT (x) +
xm+1FmT (x)

1− xFT (x)
.

By summing over all contributions FT (x;m), we obtain

FT (x) = 1 + xFT (x) + x2F 2
T (x) +

x3F 2
T (x)

1− xFT (x)
+
∑
m≥3

(
xmFmT (x) +

xm+1FmT (x)

1− xFT (x)

)

=
1

1− xFT (x)
+

x3F 2
T (x)

(1− xFT (x))2
.

By solving for FT (x), we obtain

FT (x) =
x2 + 2

3x

− (1−
√
3I)

3
√
2x6 + 12x4 − 9x3 + 15x2 + 9x− 2 + 3

√
3x
√
4x5 − x4 + 22x3 − 23x2 + 26x− 5

6x

− (1 +
√
3I)(x4 + 4x2 − 3x+ 1)

6x
3
√
2x6 + 12x4 − 9x3 + 15x2 + 9x− 2 + 3

√
3x
√
4x5 − x4 + 22x3 − 23x2 + 26x− 5

= 1 + x+ 2x2 + 6x3 + 19x4 + 63x5 + 218x6 + 779x7 + 2852x8 + 10642x9 + 40325x10 + · · · ,

where I2 = −1.

The τ -reduction argument: Suppose we have a set of patterns T and a pattern τ ∈ S3 such that each pattern σ ∈ T
contains τ . Then, to determine the generating function FT (x), it is worth considering all the permutations in Sn(T ) that
either avoid τ or contain τ . Thus, by (1) we have that

FT (x) = F{τ}(x) + FT ;τ (x) = C(x) + FT ;τ (x),

where FT ;τ (x) =
∑
n≥0 #Sn(T ; τ)xn is the generating function for the number of permutations in Sn(T ) that contain the

pattern τ . For several examples, see [17]. In particular, in [17] are determined cases 1274, 1312, 1992, 2238, 2254, 2542,
2799, 2822, 3401 and 3441 as shown in Table 1.
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Example 2.2. Let T = T1307,1 in Table 1, namely T = {2431, 2143, 3142, 4132, 1324}. Let τ = 132. Then by τ -reduction
argument we have that

FT (x) = C(x) +G(x),

where G(x) is the generating function for the number of permutations in Sn(T ; τ). By representing the permutations π =

π1π2 · · ·πn in Sn(T ; τ) as {(i, πi) | i = 1, 2, . . . , n} in N2, we obtain the following decomposition

t
t t

e
a

b

c

d

where the dots (i, πi) lie only on the cells a, b, c, d, e. Here, each cell a, b, c forms an increasing sequence. If the cell d is not
empty, then the cell e is empty (otherwise, the permutation contains 2143) and d avoids 132, so we have a contribution of
x3(C(x)−1)

(1−x)3 . Otherwise, the cell d is empty and e avoids 213 and 132, which gives a contribution of x3

(1−x)2(1−2x) . Hence,

∑
n≥0

#Sn(T ; τ)xn =
x3(C(x)− 1)

(1− x)3
+

x3

(1− x)2(1− 2x)
=

x3C(x)

(1− x)3
+

x4

(1− x)3(1− 2x)
,

which leads to
FT (x) = C(x) +

x3C(x)

(1− x)3
+

x4

(1− x)3(1− 2x)
.

Table 1: Non-regular classes and their enumeration.

Begin of Table 1
i j T = Tij FT (x)

512 17 {2143, 3142, 3124, 1324, 1423} (1− 2x)(1− x)2/(1− 5x + 8x2 − 6x3 + x4)
528 2 {2341, 3412, 1324, 4123, 1423}

3 {2314, 3412, 1342, 1324, 4123}
4 {2314, 3412, 1342, 4123, 1234}
5 {2134, 3412, 1423, 1243, 1234} (1− 7x + 21x2 − 33x3 + 30x4 − 17x5 + 4x6)/((1− 2x)(1− x)6)

545 4 {2341, 3412, 4123, 1423, 1243}
5 {2341, 3412, 4123, 1423, 1234}
7 {3412, 3124, 1324, 1243, 1234}
8 {3412, 1342, 4123, 1243, 1234} (1− 6x + 15x2 − 18x3 + 12x4 − 3x5)/((1− 2x)(1− x)5)

564 11 {2413, 2143, 4312, 3142, 1324}
16 {2413, 3412, 1342, 4123, 1243}
19 {2134, 3412, 3142, 4123, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − 2x5)/((1− 2x)2(1− x)3)

596 3 {4231, 3412, 3142, 1342, 1324}
10 {4213, 4312, 4132, 1324, 1423}
18 {4312, 3412, 1324, 4123, 1423} (1− 5x + 9x2 − 5x3 + x4)/((1− 2x)2(1− x)2)

612 2 {4231, 3412, 1342, 1324, 1423} (1− 4x + 6x2 − 2x3 + 2x4)/((1− 2x)(1− x)3)
613 5 {2341, 3412, 3124, 1342, 4123}

9 {2314, 3412, 3124, 1342, 1423}
10 {2314, 3412, 1342, 4123, 1423}
14 {2134, 3412, 3142, 1324, 1423}
15 {2134, 3412, 3124, 1342, 4123}
16 {2134, 3412, 3124, 1342, 1423}
17 {2134, 3412, 1342, 4123, 1234}
20 {3412, 3124, 1342, 4123, 1234}
21 {3412, 3124, 1342, 1423, 1243}
22 {3412, 3124, 1342, 1423, 1234}
23 {3412, 3124, 1342, 1243, 1234}
25 {3412, 1342, 1324, 4123, 1234} (1− 5x + 10x2 − 8x3 + 4x4)/((1− 2x)(1− x)4)

630 1 {4231, 2413, 3412, 3142, 1324} (1− 6x + 14x2 − 14x3 + 6x4 − 2x5 + 2x6)/((1− 2x)2(1− x)3)

633 1 {4231, 2413, 3142, 1324, 4123} (1− 6x + 14x2 − 14x3 + 6x4 − 2x5 + 3x6)/((1− 2x)2(1− x)3)

634 1 {4231, 2413, 3142, 1324, 1423} (1− 7x + 19x2 − 23x3 + 11x4 − x5 + x6)/((1− 2x)3(1− x)2)

635 1 {4231, 2413, 3142, 1324, 1243} (1−10x+44x2−110x3+171x4−174x5+124x6−69x7+29x8−5x9)/((1−x)7(1−2x)2)
643 2 {4231, 2413, 4132, 1342, 1324}

3 {4231, 3142, 1324, 4123, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − x5 + x6)/((1− x)3(1− 2x)2)
674 1 {4231, 2143, 3412, 3142, 1324}

4 {4213, 2143, 3412, 4132, 1324}
6 {2143, 4312, 3142, 1324, 4123} (1− 5x + 10x2 − 8x3 + 4x4 − 4x5)/((1− x)4(1− 2x))

678 1 {4231, 2143, 3412, 1324, 4123}
2 {4231, 2143, 3412, 1324, 1243} (1− 4x + 6x2 − 2x3 + 2x4 − 7x5 − 2x6)/((1− x)3(1− 2x))

679 1 {4231, 2143, 3412, 1324, 1423} (1− 5x + 10x2 − 8x3 + 4x4 − 6x5 + 2x6)/((1− x)4(1− 2x))

686 1 {4231, 2143, 3142, 1324, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 9x5 + 6x6 − 4x7)/((1− x)4(1− 2x)2)

696 1 {4231, 2143, 3124, 1324, 1423} (1− 5x + 10x2 − 8x3 + 4x4 − 2x5 + 2x7)/((1− x)4(1− 2x))
697 5 {4213, 2143, 4312, 4132, 1324}

6 {2143, 3412, 3124, 1324, 1423}
8 {2134, 3412, 3124, 1342, 1243}
9 {2134, 3412, 1342, 1423, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 6x5)/((1− x)5(1− 2x))

711 1 {4231, 2143, 1342, 1324, 1423} (1− 8x+27x2 − 48x3 +48x4 − 29x5 +11x6 +x7 − 6x8 +5x9 −x10)/((1−x)5(1− 2x)2)
808 1 {4231, 4312, 3412, 3142, 1324}

2 {4231, 3412, 3142, 1324, 4123}
3 {4231, 3142, 1432, 1324, 1243} (1− 8x + 27x2 − 48x3 + 48x4 − 30x5 + 17x6 − 12x7 + 6x8)/((1− x)5(1− 2x)2)

809 1 {4231, 4312, 3412, 4132, 1324}
2 {4231, 3412, 4132, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 9x5 + 2x6 + 3x7 − x8)/((1− x)4(1− 2x)2)

813 9 {2143, 3412, 3142, 1324, 4123} (1− 6x + 15x2 − 18x3 + 12x4 − 7x5 + 2x6)/((1− x)5(1− 2x))

815 1 {4231, 4312, 3412, 1324, 4123} (1− 6x + 14x2 − 14x3 + 6x4 − 3x5 − x6 + 4x7)/((1− x)3(1− 2x)2)
816 1 {4231, 4312, 3412, 1324, 1423}

2 {4231, 3412, 3142, 1324, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − 3x5 + x6)/((1− x)3(1− 2x)2)
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Continuation of Table 1
i j T = Tij FT (x)
826 1 {4231, 4312, 3142, 1324, 1423}

2 {2413, 2143, 4312, 4132, 1324}
3 {2143, 4312, 4132, 1324, 1423} (1− 8x + 27x2 − 48x3 + 48x4 − 29x5 + 11x6 − x7)/((1− x)5(1− 2x)2)

837 1 {4231, 4312, 3124, 1324, 1423} (1−10x+42x2−95x3+124x4−95x5+44x6−12x7−x8+x9)/((1−2x)2(1−x)4(1−3x+x2))

854 3 {2143, 3412, 1324, 4123, 1423} (1− 6x + 15x2 − 18x3 + 12x4 − 7x5 + 2x7)/((1− x)5(1− 2x))

869 1 {4231, 3412, 3142, 4132, 1324} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + 2x6 − x7)/((1− x)4(1− 2x)2)

870 1 {4231, 3412, 3142, 1432, 1324} (1− 4x + 6x2 − 2x3 + 2x4 − 2x5 + x6)/((1− x)3(1− 2x))

872 1 {4231, 3412, 3142, 1324, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 9x5 + 4x6)/((1− x)5(1− 2x))

873 1 {4231, 3412, 3124, 4132, 1324} (1− 6x + 14x2 − 14x3 + 6x4 − 3x5 + x7)/((1− x)3(1− 2x)2)

878 1 {4231, 3412, 3124, 1324, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 9x5 + 3x6 + x7)/((1− x)4(1− 2x)2)

880 1 {4231, 3412, 4132, 1432, 1324} (1− 4x + 6x2 − 2x3 + 2x4 − x6)/((1− x)3(1− 2x))
882 1 {4231, 3412, 4132, 1342, 1324}

5 {2143, 4312, 3124, 4132, 1324}
7 {2134, 3412, 1342, 1324, 4123}
8 {2134, 3412, 1342, 4123, 1423} (1− 5x + 10x2 − 8x3 + 4x4 − x5)/((1− x)4(1− 2x))

883 1 {4231, 3412, 4132, 1324, 1423} (1− 5x + 9x2 − 5x3 + x4 − x5 − x6)/((1− x)2(1− 2x)2)

884 1 {4231, 3412, 4132, 1324, 1243} (1− 5x + 10x2 − 8x3 + 4x4 − 4x5 − 5x6 + 2x7)/((1− x)4(1− 2x))

889 1 {4231, 3412, 1432, 1324, 1423} (1− 4x + 6x2 − 2x3 + 2x4 − 2x5)/((1− x)3(1− 2x))

890 1 {4231, 3412, 1432, 1324, 1243} (1− 4x + 6x2 − 2x3 + 2x4 − 5x5 − 6x6)/((1− x)3(1− 2x))
895 1 {4231, 3412, 1324, 4123, 1423}

3 {3412, 3124, 4132, 1324, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − 2x5 − x6)/((1− x)3(1− 2x)2)

897 1 {4231, 3412, 1324, 1423, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 8x5 + x6 + 2x7)/((1− x)5(1− 2x))

901 7 {2413, 3412, 1342, 1324, 4123} (1− 6x + 15x2 − 18x3 + 12x4 − 5x5 + 2x6)/((1− x)5(1− 2x))
903 2 {4231, 3142, 4132, 1432, 1324}

3 {4231, 3142, 4132, 1342, 1324}
4 {4231, 3142, 1342, 1324, 1423}
5 {2341, 3412, 1342, 4123, 1423}
6 {4213, 4312, 3142, 4132, 1324}
8 {2134, 3412, 3142, 3124, 1423}
9 {4312, 3142, 3124, 4132, 1324}
10 {3412, 3142, 3124, 4132, 1324}
13 {3412, 3142, 3124, 1324, 4123}
14 {3412, 3142, 3124, 1324, 1423}
16 {3412, 1342, 4123, 1423, 1243}
17 {3412, 1342, 4123, 1423, 1234} (1− 6x + 14x2 − 14x3 + 6x4)/((1− x)3(1− 2x)2)

905 1 {4231, 3142, 3124, 1324, 1423}
7 {3412, 3142, 1324, 4123, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 7x5 + 2x6)/((1− x)4(1− 2x)2)

910 1 {4231, 3142, 4132, 1324, 1423}
3 {4312, 3412, 3142, 3124, 1324} (1− 5x + 8x2 − 2x3 − x4)/(1− 2x)3

911 1 {4231, 3142, 4132, 1324, 1243}
2 {2143, 4312, 3142, 3124, 1324} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + x6)/((1− x)4(1− 2x)2)

915 1 {4231, 3142, 1432, 1342, 1324}
2 {4312, 3412, 3124, 4132, 1324} (1− 5x + 9x2 − 5x3 + x4 + x6)/((1− x)2(1− 2x)2)

918 1 {4231, 3142, 1432, 1324, 1423} (1− 5x + 9x2 − 5x3 + x4 − x5 + 2x6)/((1− x)2(1− 2x)2)

924 1 {4231, 3142, 1342, 1324, 1243} (1− 9x + 35x2 − 75x3 + 96x4 − 76x5 + 37x6 − 11x7 + 3x8)/((1− x)6(1− 2x)2)

927 1 {4231, 3142, 1324, 1423, 1243} (1− 9x + 35x2 − 75x3 + 96x4 − 77x5 + 42x6 − 20x7 + 10x8 − 2x9)/((1− 2x)2(1− x)6)
929 5 {2413, 4312, 3124, 4132, 1324}

8 {2413, 3412, 3124, 1342, 1324}
9 {2143, 4312, 3142, 4132, 1324}
13 {4312, 3142, 3124, 1324, 4123}
14 {4312, 3142, 3124, 1324, 1423}
26 {3412, 3124, 1342, 1324, 4123}
27 {3412, 3124, 1342, 1324, 1423}
28 {3412, 3124, 1342, 1324, 1243}
29 {3412, 3124, 1342, 1324, 1234}
31 {3412, 1342, 1324, 4123, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 7x5)/((1− x)4(1− 2x)2)

932 1 {4231, 3124, 4132, 1324, 1423} (1− 8x + 26x2 − 42x3 + 34x4 − 12x5 + 2x6 − 2x7)/((1− x)3(1− 2x)3)

951 1 {4231, 3124, 1324, 4123, 1423} (1− 9x + 33x2 − 62x3 + 62x4 − 29x5 + 2x6 + x7)/((1− x)3(1− 3x + x2)(1− 2x)2)
959 1 {4231, 4132, 1432, 1342, 1324}

2 {4231, 4132, 1324, 4123, 1423} (1− 7x + 19x2 − 23x3 + 11x4 − 2x6)/((1− x)2(1− 2x)3)

961 1 {4231, 4132, 1432, 1324, 1243} (1− 6x + 13x2 − 10x3 + x5)(1− 3x + 2x2 − x3)/((1− x)3(1− 3x + x2)(1− 2x)2)

967 1 {4231, 4132, 1342, 1324, 1423} (1− 5x + 9x2 − 5x3 + x4 + x5)/((1− x)2(1− 2x)2)

968 1 {4231, 4132, 1342, 1324, 1243} (1− 8x + 26x2 − 42x3 + 34x4 − 13x5 + x6 + 3x7 − x8)/((1− x)3(1− 2x)3)

973 1 {4231, 4132, 1324, 1423, 1243} (1− 8x + 26x2 − 42x3 + 34x4 − 13x5 + 5x7 − x8)/((1− x)3(1− 2x)3)

980 1 {4231, 1432, 1342, 1324, 1423} (1− 4x + 5x2 + x4 + x5)/((1− x)(1− 2x)2)

986 1 {4231, 1432, 1324, 1423, 1243} (1− 7x + 19x2 − 22x3 + 6x4 + 5x5 − x6)(1− 2x + x2 − x3)/((1− x)4(1− 2x)3)

993 1 {4231, 1342, 1324, 1423, 1243} (1− 9x+35x2 − 75x3 +96x4 − 75x5 +33x6 − 7x7 +4x8 −x9 −x10)/((1− 2x)2(1−x)6)
1105 6 {2413, 2143, 3412, 3142, 1423}

7 {2413, 2143, 3412, 3142, 1243}
11 {2413, 3412, 4132, 1342, 1423}
12 {2413, 3142, 3124, 4132, 1324}
14 {2413, 3124, 1342, 4123, 1423}
15 {2413, 1342, 1324, 4123, 1423}
19 {2143, 3412, 3142, 1342, 1243}
20 {2143, 3142, 3124, 4132, 1324}
22 {2143, 3142, 4132, 4123, 1423}
26 {2134, 3142, 3124, 1324, 4123} (1− 5x + 7x2 − x3)/(1− 3x + x2)2

1107 10 {2143, 4312, 3142, 1324, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − 3x5)/((1− 2x)2(1− x)3)
1112 12 {2413, 3124, 1342, 1324, 4123}

15 {2143, 3412, 3142, 1423, 1243}
22 {3412, 3142, 4132, 1324, 1423} (1− 6x + 13x2 − 11x3 + 3x4 − x5)/((1− 2x)(1− 3x + x2)(1− x)2)

1114 19 {2413, 2143, 3412, 3142, 1324}
25 {2143, 3412, 3142, 4132, 1423}
26 {2143, 3412, 3142, 1342, 1423} (1− 5x + 9x2 − 6x3 + 2x4)/((1− 3x + x2)(1− x)3)

1116 17 {2143, 3124, 4132, 4123, 1423}
21 {3412, 4132, 1432, 1342, 1324} (1− 4x + 4x2 + x3 + x4)/((1− 2x)(1− 3x + x2))

1119 3 {2143, 4312, 3412, 3142, 1423} (1− 6x + 13x2 − 11x3 + 3x4 − 2x5 + x6)/((1− 2x)(1− 3x + x2)(1− x)2)

1132 11 {2143, 4312, 3142, 3124, 1423} (1− 6x + 14x2 − 15x3 + 8x4 − 4x5 + x6)/((1− 3x + x2)(1− x)4)
1181 22 {3412, 3124, 1342, 4123, 1243}

24 {3412, 1342, 1324, 4123, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 5x5)/((1− 2x)(1− x)5)
1202 9 {2413, 2143, 3412, 3142, 4123}

13 {2413, 3412, 3142, 1432, 1324}
14 {2413, 3412, 3142, 1432, 1243}
15 {2413, 3412, 4132, 1342, 1324}
17 {2143, 3412, 3142, 1432, 1423}
18 {2143, 3412, 1432, 1342, 1423}
19 {2143, 3412, 1342, 1423, 1243}
20 {2143, 3124, 4132, 1324, 1423}
25 {3412, 3142, 1432, 1324, 1423}
26 {3412, 3142, 1432, 1423, 1243}
27 {3412, 4132, 1432, 1324, 1423}
28 {3412, 4132, 1342, 1324, 1423}
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29 {3412, 1432, 1342, 1324, 1423}
31 {3412, 1432, 1342, 1423, 1243} (1− 4x + 5x2 − x3 + x4)/((1− 3x + x2)(1− x)2)

1212 5 {2143, 4312, 3412, 3142, 1324} (1− 6x + 14x2 − 14x3 + 6x4 − 4x5 + 2x6)/((1− 2x)2(1− x)3)
1226 4 {2431, 3412, 3142, 4132, 1324}

10 {2413, 3412, 4132, 1432, 1324} (1− 4x + 5x2 − x3 + x4 − x5)/((1− 3x + x2)(1− x)2)

1241 2 {2431, 3412, 4132, 1324, 1423} (1− 3x + 2x2 + x3 + 2x4)/((1− 3x + x2)(1− x))
1274 1 †{2431, 2413, 3142, 4132, 1324}

2 †{2413, 3412, 3142, 3124, 4132}
3 †{2413, 3142, 4132, 1342, 1243}
4 †{2413, 3142, 4132, 1423, 1243}
5 †{2143, 3142, 4132, 1324, 1423}
6 †{4312, 3124, 4132, 4123, 1423}
7 †{3124, 1342, 4123, 1423, 1243} C(x) + x3C2(x)/((1− x)(1− 2x)), [17]

1276 4 {2413, 2143, 3412, 4132, 1342}
5 {2143, 3412, 4132, 1432, 1342}
6 {3412, 3142, 4132, 1432, 1243} (1− 8x + 25x2 − 37x3 + 25x4 − 9x5 + 6x6 − 2x7)/((1− 2x)2(1− 3x + x2)(1− x)2)

1277 6 {2413, 3412, 4132, 1342, 1243}
7 {3412, 3142, 4132, 1423, 1243} (1− 9x + 33x2 − 62x3 + 62x4 − 33x5 + 10x6 − x7)/((1− 2x)2(1− 3x + x2)(1− x)3)

1305 1 {2431, 2143, 3412, 4132, 1324} (1− 6x + 14x2 − 15x3 + 8x4 − 9x5 + 8x6 − 2x7)/((1− 3x + x2)(1− x)4)
1307 1 †{2431, 2143, 3142, 4132, 1324}

2 †{2431, 3142, 4132, 1324, 1243}
3 †{2413, 4312, 3124, 4132, 1423}
4 †{2413, 3412, 3124, 4132, 1423}
5 †{4312, 3142, 3124, 4132, 1423}
6 †{3412, 3142, 3124, 4132, 1423} C(x) + x3C(x)/(1− x)3 + x4/((1− x)3(1− 2x))

1310 3 {2413, 2143, 3412, 4132, 1324}
4 {2143, 3412, 3142, 1432, 1324}
5 {2143, 3412, 1432, 1324, 1423}
6 {2143, 3412, 1324, 1423, 1243}
7 {3412, 3142, 1432, 1324, 1243} (1− 8x + 26x2 − 43x3 + 38x4 − 21x5 + 10x6 − 2x7)/((1− 2x)(1− 3x + x2)(1− x)4)

1312 1 †{2431, 2143, 4132, 1432, 1324}
2 †{2413, 2143, 4132, 1432, 1324}
3 †{2413, 3412, 3142, 4123, 1423}
4 †{2413, 3142, 4132, 1432, 1243}
5 †{2413, 4132, 1432, 1324, 1243}
6 †{4312, 3412, 3124, 4123, 1423}
7 †{3412, 3124, 4132, 4123, 1423}
8 †{3142, 4132, 1324, 1423, 1243}
9 †{3124, 1342, 4123, 1243, 1234} C(x) + x3C2(x)/(1− x)3, [17]

1315 1 †{2431, 2143, 4132, 1324, 1423}
2 †{4213, 4312, 3124, 4132, 1423}
3 †{4213, 3412, 3124, 4132, 1423} C(x) + x4(1 + C(x))C2(x)/(1− x)2 + x3/(1− x)3

1316 1 †{2431, 2143, 4132, 1324, 1243}
2 †{4312, 3412, 3124, 4132, 1423} C(x) + x4C3(x)/(1− x)2 + x4C2(x)/(1− x)2 + x3/((1− x)(1− 2x))

1384 4 {2143, 3412, 3124, 4132, 1324} (1− 5x + 10x2 − 8x3 + 4x4 − 3x5 + 2x6)/((1− 2x)(1− x)4)

1459 1 {2431, 3412, 4132, 1432, 1324} (1− 3x + 2x2 + x3 + 2x4 + x5)/((1− 3x + x2)(1− x))

1462 1 {2431, 3412, 4132, 1324, 1243} (1− 6x + 14x2 − 15x3 + 8x4 − 7x5 + 6x7 − 2x8)/((1− 3x + x2)(1− x)4)
1468 1 †{2431, 3142, 4132, 1432, 1324}

2 †{2341, 1342, 4123, 1423, 1243}
3 †{2341, 1342, 4123, 1423, 1234}
4 †{2413, 4312, 3142, 3124, 1423}
5 †{2413, 3412, 3142, 3124, 1423}
6 †{2413, 3142, 4132, 1432, 1324}
7 †{2413, 3142, 4132, 1342, 1324}
8 †{2413, 4132, 1342, 1423, 1243}
9 †{2143, 3142, 4132, 1432, 1324}
10 †{2143, 3142, 4132, 1432, 1423}
11 †{2143, 3142, 4132, 1342, 1324}
12 †{2143, 3142, 4132, 1342, 1423}
13 †{2143, 4132, 1432, 1324, 1423}
14 †{2134, 3124, 1342, 1324, 4123}
15 †{2134, 3124, 1342, 4123, 1423}
16 †{2134, 3124, 1342, 4123, 1234}
17 †{2134, 3124, 4123, 1423, 1243}
18 †{3142, 4132, 1432, 1324, 1243}
19 †{3142, 4132, 1432, 1423, 1243}
20 †{3142, 4132, 1342, 1324, 1243}
21 †{3142, 4132, 1342, 1423, 1243}
22 †{3124, 1342, 1324, 4123, 1234}
23 †{3124, 1342, 4123, 1423, 1234} C(x) + x3C3(x)/(1− x)2

1470 1 †{2431, 3142, 4132, 1342, 1324}
2 †{2431, 3142, 4132, 1324, 1423}
3 †{2143, 4132, 1342, 1324, 1423}
4 †{2143, 4132, 1324, 1423, 1243} C(x) + x4C4(x)/(1− x) + x3C2(x)/(1− x)2

1476 3 {2143, 4312, 3142, 4132, 1423}
4 {2143, 3412, 3142, 1342, 1324}
5 {3412, 3142, 1342, 1324, 1243} (1− 8x + 25x2 − 37x3 + 25x4 − 7x5)/((1− 3x + x2)(1− x)2(1− 2x)2)

1479 2 {2143, 4312, 3142, 4123, 1423}
3 {2143, 3412, 4132, 1342, 1423}
4 {2143, 3412, 4132, 4123, 1423} (1− 7x + 19x2 − 24x3 + 14x4 − 7x5 + 4x6 − x7)/((1− 3x + x2)(1− x)3(1− 2x))

1481 2 {2143, 3412, 4132, 1432, 1243} (1−8x+25x2−37x3+25x4−11x5+14x6−10x7+2x8)/((1−3x+x2)(1−x)2(1−2x)2)
1482 2 {2143, 3412, 3124, 4132, 1423}

3 {2143, 3412, 4132, 1432, 1324}
4 {2143, 3412, 4132, 1324, 1243} (1− 4x + 4x2 − x3 + 2x4 − x5)(1− 4x + 6x2 − 2x3)/((1− 3x + x2)(1− x)4(1− 2x))

1486 2 {2143, 3412, 3142, 4132, 1432}
3 {3412, 4132, 1432, 1342, 1243} (1− 7x + 18x2 − 19x3 + 6x4 − 2x5 + x6)/((1− 3x + x2)(1− x)(1− 2x)2)

1489 2 {2143, 3412, 4132, 1423, 1243} (1− 8x + 25x2 − 37x3 + 25x4 − 10x5 + 9x6 − 3x7)/((1− 3x + x2)(1− x)2(1− 2x)2)
1492 5 {2143, 3412, 3142, 1432, 1243}

6 {2143, 3412, 1432, 1423, 1243}
12 {3412, 3142, 4132, 1432, 1324} (1− 5x + 8x2 − 3x3 − 2x5)/((1− 3x + x2)(1− x)(1− 2x))

1493 1 †{2431, 4132, 1432, 1324, 1423}
2 †{2413, 4312, 3412, 3142, 1423}
3 †{2413, 3142, 4132, 1432, 1342}
4 †{2413, 3142, 4132, 1342, 1423}
5 †{2413, 3142, 4132, 4123, 1423}
6 †{2143, 1432, 1342, 1324, 1423}
7 †{2143, 1342, 1324, 1423, 1243}
8 †{2134, 1342, 1324, 1423, 1243}
9 †{2134, 1342, 1423, 1243, 1234}
10 †{4312, 3412, 3142, 3124, 4132}
11 †{3142, 4132, 1432, 1342, 1324}
12 †{3124, 1324, 4123, 1423, 1243}
13 †{3124, 1324, 4123, 1423, 1234}
14 †{4132, 1432, 1342, 1324, 1423}
15 †{4132, 1432, 1342, 1324, 1243}
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16 †{1432, 1342, 1324, 1423, 1243}
17 †{1342, 1324, 1423, 1243, 1234}
18 †{1342, 4123, 1423, 1243, 1234} (1− x)2C2(x) + x

1494 1 †{2431, 4132, 1432, 1324, 1243}
2 †{2413, 3412, 3142, 4132, 1423}
3 †{2413, 3142, 3124, 4132, 1423}
4 †{1342, 1324, 4123, 1423, 1243} C(x) + x3C2(x)/(1− 3x + x2)

1500 1 †{2431, 4132, 1342, 1324, 1423} C(x) + x4C5(x) + x3C3(x) + x4C2(x)/(1− x)

1505 1 †{2431, 4132, 1324, 1423, 1243} C(x) + x4C3(x)/(1− 2x) + x3C(x)/(1− 2x) + x4/(1− x)3

1542 3 {4312, 3412, 3124, 1324, 1423} (1− 6x + 14x2 − 14x3 + 6x4 − x5 − x6)/((1− 2x)2(1− x)3)

1739 4 {2143, 3412, 4132, 1324, 4123} (1− 5x + 10x2 − 8x3 + 4x4 − 5x5 + x6)/((1− 2x)(1− x)4)

1741 2 {2143, 4312, 4132, 1324, 4123} (1− 5x + 10x2 − 8x3 + 4x4 − 4x5 − x6)/((1− 2x)(1− x)4)

1797 1 {2341, 2134, 3412, 4123, 1243} (1− 5x + 10x2 − 8x3 + 4x4 − 4x5 − x6 + 5x7 − 7x8 + 2x9)/((1− 2x)(1− x)4)
1805 2 {2143, 4312, 3124, 4132, 1423}

3 {2143, 3412, 4132, 1324, 1423} (1− 8x + 26x2 − 43x3 + 38x4 − 22x5 + 13x6 − 3x7)/((1− 2x)(1− 3x + x2)(1− x)4)

1839 1 †{2341, 2134, 1342, 4123, 1423} C(x) + x3(1− 2x2)/((1− 2x)(1− x)3)

1840 1 †{2341, 2134, 1324, 4123, 1243} C(x) + x3(1 + x− x2)(1− x− x2 + x3 − x4)/((1− x)4(1− x− x2))

1841 1 †{2341, 2134, 4123, 1423, 1243} C(x) + x3(1− x− 3x2 + 3x3 + 2x4 − 5x5 + 2x6)/((1− 2x)(1− x)4)

1842 1 †{2341, 2134, 4123, 1243, 1234} C(x) + x3(1− 2x + 2x2 − 4x3 + 2x4)/((1− 2x)(1− x)5)

1936 1 {2341, 3412, 3124, 4123, 1423} (1 − 10x + 44x2 − 111x3 + 177x4 − 186x5 + 126x6 − 48x7 + 4x8 + 4x9)/((1 − 2x)(1 −
4x + 5x2 − 3x3)(1− x)5)

1937 1 {2341, 3412, 3124, 4123, 1243}
5 {2134, 3412, 4123, 1423, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 6x5 − x6 + 2x7)/((1− x)5(1− 2x))

1946 1 {2341, 3412, 1324, 4123, 1243} (1− 5x + 10x2 − 8x3 + 4x4 − 3x5 − x6 − 2x7)/((1− x)4(1− 2x))
1947 1 {2341, 3412, 1324, 4123, 1234}

2 {2134, 3412, 1324, 1243, 1234}
3 {2134, 3412, 4123, 1243, 1234} (1− 6x + 15x2 − 18x3 + 12x4 − 5x5 − x6 − 2x7)/((1− x)5(1− 2x))

1948 1 {2341, 3412, 4123, 1243, 1234} (1− 6x + 15x2 − 18x3 + 12x4 − 3x5 − x6 − 2x7)/((1− x)5(1− 2x))
1953 2 {2143, 3412, 3142, 4132, 1324}

3 {3412, 1342, 1324, 1423, 1243} (1− 8x + 26x2 − 43x3 + 38x4 − 19x5 + 4x6)/((1− 3x + x2)(1− x)4(1− 2x))
1968 2 {2143, 3412, 3142, 4123, 1423}

3 {3412, 4132, 1432, 1423, 1243}
4 {3412, 4132, 1342, 1324, 1243}
5 {3412, 4132, 1342, 1423, 1243}
6 {3412, 1432, 1324, 1423, 1243} (1− 7x + 19x2 − 24x3 + 14x4 − 6x5 + x6)/((1− 3x + x2)(1− x)3(1− 2x))

1969 12 {4213, 2143, 3142, 4132, 1324}
23 {2413, 3412, 3142, 4132, 1324}
24 {2413, 3412, 3142, 4132, 1243}
25 {2413, 3412, 3142, 1324, 1423}
26 {2413, 3412, 3142, 1423, 1243}
27 {2413, 3412, 4132, 1324, 1423}
28 {2413, 3412, 1342, 4123, 1423}
29 {2413, 3124, 4132, 1324, 1423}
33 {2143, 3412, 3142, 4132, 1342}
34 {2143, 3412, 3142, 1432, 1342}
36 {2143, 3124, 1324, 4123, 1423}
37 {2134, 3412, 3142, 3124, 4123}
41 {4312, 3124, 1324, 4123, 1423}
45 {3412, 3142, 4132, 1342, 1324}
46 {3412, 3142, 4132, 1342, 1243}
47 {3412, 3142, 1432, 1342, 1324}
48 {3412, 3142, 1432, 1342, 1243}
49 {3412, 3142, 1342, 1324, 1423}
50 {3412, 3142, 1342, 1423, 1243}
55 {3142, 3124, 4132, 1324, 1423} (1− 5x + 8x2 − 3x3)/((1− 3x + x2)(1− x)(1− 2x))

1970 6 {2143, 3412, 3142, 3124, 1423} (1− 5x + 10x2 − 9x3 + 5x4 − x5)(1− 2x)/((1− 3x + x2)(1− x)5)
1992 1 †{2341, 3124, 1342, 1324, 4123}

2 †{2341, 3124, 1342, 4123, 1234}
3 †{2341, 3124, 1324, 4123, 1423}
4 †{2341, 3124, 4123, 1423, 1234} C(x) + x3/(1− x)5, [17]

1993 1 †{2341, 3124, 1342, 4123, 1423}
2 †{2341, 1342, 1324, 4123, 1423} C(x) + x3/(1− 5x + 9x2 − 7x3 + 2x4)

1994 1 †{2341, 3124, 1342, 4123, 1243} C(x) + x3(1 + x)/(1− x)4

1995 1 †{2341, 3124, 1324, 4123, 1243} C(x) + (1− 2x2 − x3 + x4)x3/((1− x− x2)(1− x)4)

1996 1 †{2341, 3124, 4123, 1423, 1243} C(x) + (1 + x + x2)x3/(1− x)4

1997 1 †{2341, 3124, 4123, 1243, 1234}
2 †{2341, 1324, 4123, 1423, 1234} C(x) + ((1− x)2 − x3)x3/((1− 2x)(1− x)5)

2008 2 {2413, 3412, 3124, 1342, 1243}
5 {3412, 3124, 4123, 1243, 1234}
6 {3412, 3124, 1423, 1243, 1234}
7 {3412, 1324, 1423, 1243, 1234} (1− 6x + 14x2 − 13x3 + 3x4)(1− x + x2)/((1− x)6(1− 2x))

2022 1 †{2341, 1324, 4123, 1423, 1243} C(x) + (1− x− x2)x3/((1− 2x)(1− x)4)

2023 1 †{2341, 1324, 4123, 1243, 1234} C(x) + x3(1− 3x + 3x2 − 5x3 + 7x4 − x5 − x6)/((1− 2x)(1− x)5(1− x− x2))

2024 1 †{2341, 4123, 1423, 1243, 1234} C(x) + x3C3(x)/(1− x) + x4/((1− x)3(1− 2x))

2135 2 {2143, 4312, 3412, 3124, 1423} (1− 2x)(1− 3x + 3x2 + 2x4 − x5)/((1− 3x + x2)(1− x)3)

2169 1 †{2314, 2134, 1342, 4123, 1243} C(x) + (1 + x(1 + x)(1− x)2)x3C(x)/(1− x)3

2218 1 {2314, 3412, 1342, 4123, 1243}
2 {2134, 3412, 3124, 1423, 1243}
3 {2134, 3412, 1324, 1423, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 5x5 − 2x6)/((1− x)5(1− 2x))

2237 1 †{2314, 3124, 1342, 1324, 1423}
2 †{2314, 3124, 1342, 1423, 1243}
3 †{2314, 3124, 1342, 1423, 1234}
4 †{2413, 2143, 3142, 1432, 1324}
5 †{2413, 3142, 1432, 1324, 1243}
6 †{2413, 3142, 1324, 1423, 1243} 1/(1− x− x3/(1− x)3 − x2C2(x))

2238 1 †{2314, 3124, 1342, 4123, 1423}
2 †{2413, 3142, 4132, 1324, 1243}
3 †{3412, 3142, 3124, 4123, 1423} C(x) + x3C(x)/((1− 2x)(1− x)2), [17]

2239 1 †{2314, 3124, 1342, 4123, 1243}
2 †{2314, 1342, 1324, 4123, 1243} C(x) + x3(1 + x)C(x)/(1− x)3

2242 3 {2413, 3124, 1342, 4123, 1243} (1− 7x + 19x2 − 24x3 + 14x4 − 5x5 + 3x6)/((1− 3x + x2)(1− x)3(1− 2x))
2254 1 †{2314, 1342, 1324, 4123, 1423}

2 †{2314, 1342, 1324, 4123, 1234}
3 †{2314, 1342, 4123, 1423, 1243}
4 †{2314, 1342, 4123, 1423, 1234}
5 †{2314, 1342, 4123, 1243, 1234}
6 †{4312, 3142, 3124, 4123, 1423} C(x) + x3C(x)/(1− x)4, [17]

2256 6 {2143, 3142, 3124, 4132, 1423} (1− 6x + 12x2 − 8x3 + x4 − x5)/((1− 3x + x2)2(1− x))
2274 3 {2413, 3142, 3124, 1324, 1423}

5 {2413, 3124, 1342, 1324, 1423}
6 {2413, 3124, 1342, 1324, 1243}
7 {2413, 3124, 1342, 1423, 1243}

7
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15 {2134, 3142, 3124, 1324, 1423} (1− 2x)2/((1− x)2(1− 3x))

2277 1 {4213, 2413, 3142, 4132, 1324} (1− 7x + 17x2 − 15x3 + 2x4 + x5)/((1− 3x + x2)2(1− 2x))
2280 6 {2413, 2143, 3142, 3124, 1423}

7 {2413, 3412, 3142, 1432, 1423}
8 {2413, 3412, 3142, 1342, 1423}
15 {2413, 1342, 4123, 1423, 1243}
32 {3412, 3142, 1432, 1342, 1423} (1− 3x + x2)/(1− 4x + 3x2 − x3)

2288 8 {2143, 3142, 3124, 4123, 1423} (1− 5x + 8x2 − 4x3 + 2x4 − x5)/((1− 3x + x2)(1− 3x + 2x2 − x3))

2329 1 {4213, 2143, 3124, 4132, 1423} (1− 4x + 4x2 + x3 + x4 − 2x5)/((1− 3x + x2)(1− 2x))

2341 1 {4213, 2143, 4132, 1324, 4123} (1− 3x + x2 + 4x3 + 2x4 − x5)/((1− 2x− x2)(1− x)(1− x− x2))
2342 1 {4213, 2143, 4132, 1324, 1423}

3 {2143, 4132, 1324, 4123, 1423} (1− 7x + 18x2 − 19x3 + 6x4 − 2x5 + 2x6)/((1− 3x + x2)(1− x)(1− 2x)2)
2438 1 {4213, 4312, 3412, 4132, 1324}

2 {4213, 3412, 4132, 1324, 4123} (1− 4x + 5x2 + x4 + x5 + x7)/((1− x)(1− 2x)2)

2459 2 {2143, 4312, 3124, 1324, 1423} (1− 5x + 10x2 − 8x3 + 4x4 − 2x5 − 4x6)/((1− x)4(1− 2x))

2466 1 {4213, 4312, 4132, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 7x5 + x6 + x7 − x8 + x9)/((1− x)4(1− 2x)2)

2489 1 {4213, 3412, 3142, 4132, 1324} (1− 8x + 27x2 − 48x3 + 48x4 − 27x5 + 10x6 − 4x7)/((1− x)5(1− 2x)2)

2498 1 {4213, 3412, 4132, 1324, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + 3x6 − 2x8)/((1− x)4(1− 2x)2)
2511 1 {4213, 3142, 3124, 4132, 1324}

2 {4213, 3142, 4132, 1324, 1423}
3 {2413, 4132, 1324, 4123, 1423}
4 {2134, 3142, 3124, 4123, 1423}
7 {3142, 3124, 1324, 4123, 1423}
8 {3142, 4132, 1324, 4123, 1423} (1− 6x + 12x2 − 7x3 − x4)/((1− 3x + x2)(1− 2x)2)

2512 1 †{4213, 3142, 3124, 4132, 1423} (C(x) + x4C4(x)/(1− x)− x2/(1− x)2)(1− x)2/(1− 2x)
2513 2 {4213, 3124, 4132, 1324, 1423}

3 {4312, 3412, 3142, 4132, 1324} (1− 4x + 4x2 + 2x3 + x4)(1− x)/(1− 2x)3

2520 1 {4213, 3142, 4132, 1324, 4123} (1− 4x + 2x2 + 7x3 − 4x5 − x6)/((1− 2x− x2)2(1− x− x2))
2542 1 †{4213, 3124, 4132, 4123, 1423}

2 †{3124, 1324, 4123, 1243, 1234} C(x) + x3C4(x)/(1− x− x2), [17]
2544 5 {4312, 3412, 4132, 1324, 1423} (1− 6x + 13x2 − 10x3 + x4 − x5 + x6)/((1− x)(1− 2x)3)

2583 1 {4213, 4132, 1324, 4123, 1423} (1− 5x + 7x2 + 2x3 − 6x4 + 2x6)/((1− 2x− x2)(1− x)(1− 2x)(1− x− x2))

2622 2 {2413, 2143, 3124, 4132, 1324} (1− 7x + 18x2 − 20x3 + 9x4 − 3x5 + x6)/((1− 3x + x2)2(1− x)2)

2633 2 {2134, 3412, 1324, 4123, 1243} (1− 5x + 10x2 − 8x3 + 4x4 − 3x5 − 2x6)/((1− x)4(1− 2x))

2637 1 †{2413, 2143, 3142, 4132, 1324} C(x)+x3(1−9x+26x2−24x3+x4)/((1−2x)(1−4x+2x2)(1−8x+20x2−16x3+2x4))
2640 1 †{2413, 2143, 3142, 1342, 1423}

2 †{2413, 4312, 3412, 3142, 4123}
3 †{2413, 3412, 3142, 4132, 4123}
4 †{2413, 3142, 1432, 1423, 1243}
5 †{2413, 3142, 1342, 1423, 1243} (1− 2x + x2 − x3 −

√
(1− 2x + x2 − x3)2 − 4x(1− x)4)/(2x(1− x)2)

2641 1 {2413, 2143, 3142, 1324, 4123} (1− 4x + 4x2 + 3x4 − x5)/((1− 2x− x3)(1− 3x + x2))
2642 1 †{2413, 2143, 3142, 1324, 1423}

2 †{2413, 2143, 3142, 1324, 1243} (1− x)(1− 2x)/((1− 4x + 5x2 − 3x3 − x(1− 3x + 2x2 − x3)C(x))C(x))

2647 1 {2413, 2143, 3124, 4132, 1423} (1− x)(1− 4x + 3x2 + 2x3 + 2x4)/(1− 3x + x2)2

2648 2 {2143, 3412, 3142, 4132, 1243} (1− 7x + 17x2 − 15x3 + 2x4 − x5)/((1− 2x)(1− 3x + x2)2)

2658 1 †{2413, 2143, 4132, 1342, 1324} C(x) + x3(1 + x + x2C3(x))C(x)/(1− x)3

2660 1 †{2413, 2143, 4132, 1342, 1423} (C(x) + x4C2(x)/(1− x)2)/(1− x3C2(x)/(1− x))

2662 1 {2413, 2143, 4132, 1324, 4123} (1− 6x + 11x2 − 3x3 − 5x4 − 5x5 + 2x6 + x7)/((1− 2x− x2)(1− 2x)(1− 3x + x2))
2663 1 †{2413, 2143, 4132, 1324, 1423}

2 †{2413, 2143, 4132, 1324, 1243} C(x) + x4C3(x)/(1− x)2 + x3C(x)/((1− x)(1− 2x))

2727 1 †{2413, 4312, 3412, 3142, 4132} (1− 2x− x3 −
√

1− 8x + 20x2 − 18x3 + 4x4 + x6)/(2x(1− 2x))
2728 2 {2413, 3412, 3142, 4132, 1432}

4 {3412, 3142, 4132, 1432, 1423} (1− 5x + 7x2 − 2x3 + 2x4 − x5)/((1− 3x + x2 − x3)(1− 3x + x2))
2729 2 {2413, 3412, 3142, 4132, 1342}

3 {3412, 3142, 4132, 1432, 1342} (1− 5x + 6x2 + x3)/((1− 3x + x2)(1− 3x))

2730 1 {2413, 4312, 3412, 3142, 1324} (1− 8x + 25x2 − 36x3 + 21x4 − 2x5 + x6 − x7)/((1− 2x)4(1− x))
2731 2 {2413, 4312, 3142, 1324, 1423}

4 {2413, 4312, 4132, 1324, 1423}
6 {4312, 3142, 4132, 1324, 1423}
8 {4312, 4132, 1324, 4123, 1423} (1− 6x + 13x2 − 10x3 + x4)/((1− 2x)3(1− x))

2732 1 †{2413, 4312, 3412, 3124, 4132}
2 †{4312, 3412, 3142, 4132, 1423} (1− 4x+5x2− 2x3 +x4−x2(1− 2x)(1−x)C2(x))/((1− 2x)(1− 3x+2x2−x3−x2(1−

x)C2(x)))

2736 1 {2413, 4312, 3412, 4132, 1324} (1− 7x + 19x2 − 23x3 + 11x4 − 2x5 + 3x6 − 3x7)/((1− 2x)3(1− x)2)

2740 1 {2413, 4312, 3142, 4132, 1324} (1− 8x + 26x2 − 42x3 + 34x4 − 12x5 + 2x6)/((1− 2x)3(1− x)3)
2743 1 {2413, 4312, 3142, 1324, 4123}

2 {2413, 3412, 3142, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + 4x6)/((1− 2x)2(1− x)4)
2757 1 {2413, 4312, 4132, 1324, 4123}

2 {2413, 3412, 4132, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + 5x6 − 4x7)/((1− 2x)2(1− x)4)

2773 1 {2413, 3412, 3142, 1324, 1243} (1− 8x + 27x2 − 49x3 + 52x4 − 35x5 + 13x6 − 2x7)/((1− x)6(1− 3x + x2))

2775 1 {2413, 3412, 3124, 4132, 1324} (1− 8x + 27x2 − 48x3 + 48x4 − 28x5 + 11x6 − 4x7)/((1− 2x)2(1− x)5)
2776 1 †{2413, 3412, 3124, 4132, 4123}

2 †{2413, 4132, 1432, 1342, 1243}
3 †{2143, 3142, 1432, 1324, 1423}
4 †{2143, 3142, 1342, 1324, 1423}
5 †{2143, 3142, 1324, 1423, 1243}
6 †{4312, 3412, 3142, 4123, 1423}
7 †{4312, 3142, 4132, 4123, 1423}
8 †{3412, 3142, 4132, 4123, 1423}
9 †{3142, 1432, 1324, 1423, 1243}
10 †{3124, 1342, 1423, 1243, 1234} C(x)/(1− x3C2(x)/(1− x)2)

2780 1 {2413, 3412, 3124, 1342, 4123} (1− 3x + 2x2 − x3)(1− 4x + 5x2)/((1− 2x)(1− x)3(1− 3x + x2))
2781 1 {2413, 3412, 3124, 1342, 1423}

2 {3412, 3124, 1342, 4123, 1423} (1− 8x + 26x2 − 43x3 + 38x4 − 18x5 + 3x6)/((1− 2x)(1− x)4(1− 3x + x2))
2783 1 {2413, 3412, 4132, 1432, 1342}

2 {3412, 4132, 1432, 1342, 1423} (1− 5x + 7x2 − x3 − x5)/(1− 3x + x2)2

2785 1 {2413, 3412, 4132, 1324, 1243} (1− 8x + 27x2 − 49x3 + 52x4 − 36x5 + 17x6 − 6x7 + x8)/((1− x)6(1− 3x + x2))

2795 1 †{2413, 3142, 3124, 4123, 1423} C(x) + x3C2(x)/(1− 3x + 2x2 − x3)

2798 1 {2413, 3142, 4132, 1324, 4123} (1− 6x + 11x2 − 3x3 − 5x4 − x5 + x6)/((1− 3x + x2)(1− 2x)(1− 2x− x2))
2799 1 †{2413, 3142, 4132, 1324, 1423}

2 †{2413, 3124, 4132, 4123, 1423}
3 †{2143, 3142, 4132, 1324, 1243}
4 †{2143, 3142, 4132, 1423, 1243}
5 †{2134, 1342, 4123, 1423, 1234}
6 †{2134, 4123, 1423, 1243, 1234}
7 †{3142, 3124, 4132, 4123, 1423}
8 †{3124, 1342, 1324, 4123, 1423}
9 †{4132, 1432, 1324, 1423, 1243}
10 †{1342, 1324, 4123, 1423, 1234} C(x) + x3C3(x)/(1− 2x), [17]

2801 1 †{2413, 3142, 1432, 1342, 1423}

8
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2 †{2143, 1432, 1342, 1423, 1243}
3 †{2134, 1342, 1324, 1423, 1234} (1 + x2 −

√
(1− x2)2 − 4x)/(2x(1 + x))

2802 1 †{2413, 3142, 1432, 1324, 1423}
2 †{2413, 3142, 1342, 1324, 1423}
3 †{2143, 3142, 1432, 1342, 1324}
4 †{2143, 3142, 1432, 1324, 1243}
5 †{2143, 3142, 1342, 1324, 1243}
6 †{2143, 4132, 1432, 1342, 1423}
7 †{2134, 3124, 1342, 1324, 1423}
8 †{2134, 3124, 1342, 1423, 1234}
9 †{2134, 3124, 1324, 1423, 1243}
10 †{2134, 3124, 1423, 1243, 1234}
11 †{4312, 3412, 4132, 4123, 1423}
12 †{3142, 1432, 1342, 1324, 1243}
13 †{3124, 1342, 1324, 1423, 1234}
14 †{4132, 1432, 1342, 1423, 1243} (1− x)(1 + C2(x))/(2− 2x + x2)

2807 1 {2413, 3142, 1324, 4123, 1423} (1− 7x + 18x2 − 20x3 + 10x4 − 4x5 + x6)/((1− 3x + x2)(1− 3x + 2x2 − x3)(1− 2x))

2814 1 {2413, 3124, 4132, 1324, 4123} (1− 5x + 7x2 + x3 − 3x4 − 2x5)/((1− 2x)2(1− 2x− x2))
2822 1 †{2413, 4132, 1432, 1342, 1324}

2 †{2413, 4132, 1432, 1324, 1423}
3 †{2413, 4132, 1342, 1324, 1423}
4 †{2143, 4132, 1432, 1342, 1324}
5 †{2143, 4132, 1432, 1324, 1243}
6 †{4312, 3412, 3142, 3124, 4123}
7 †{3412, 3142, 3124, 4132, 4123}
8 †{3142, 4132, 1432, 1342, 1243}
9 †{3142, 4132, 1432, 1324, 1423}
10 †{3142, 4132, 1342, 1324, 1423}
11 †{3124, 4123, 1423, 1243, 1234} C(x) + x3C4(x)/(1− x), [17]

2823 1 †{2413, 4132, 1432, 1342, 1423}
2 †{2143, 1432, 1324, 1423, 1243}
3 †{2134, 1324, 1423, 1243, 1234}
4 †{3142, 4132, 1432, 1342, 1423} (1− 5x− 2x2 +

√
1− 2x− 7x2 − 4x3)/(2(1− 4x− x2))

2827 1 †{3142, 2431, 1423, 1324, 1243}
2 †{2413, 4132, 1324, 1423, 1243} C(x) + x3C2(x)/(1− x)2 + x4C(x)/(1− x)4

2839 1 {2413, 1342, 1324, 4123, 1243} (1− 7x + 18x2 − 20x3 + 9x4 − 4x5 + 6x6 − 2x7)/((1− 3x + x2)2(1− x)2)

2874 5 {2143, 3412, 4132, 1342, 1243} (1− 5x + 8x2 − 3x3 − 3x5 + x6)/((1− 3x + x2)(1− x)(1− 2x))
2900 1 {2143, 4312, 3412, 4132, 1324}

2 {2143, 4312, 3412, 1324, 1423} (1− 5x + 9x2 − 5x3 + x4 − 5x5)/((1− x)2(1− 2x)2)

2907 1 {2143, 4312, 3412, 1324, 4123} (1− 4x + 6x2 − 2x3 + 2x4 − 5x5 − 2x6)/((1− x)3(1− 2x))
2923 1 {2143, 4312, 3124, 4123, 1423}

2 {2143, 3412, 3124, 4123, 1423} (1− 6x + 14x2 − 15x3 + 8x4 − 6x5 − x6 + x7)/((1− 3x + x2)(1− x)4)

2946 1 {2143, 4312, 1324, 4123, 1423} (1− 5x + 10x2 − 8x3 + 4x4 − 3x5 − 4x6)/((1− x)4(1− 2x))
2956 1 {2143, 3412, 3142, 1324, 1423}

2 {2143, 3412, 3142, 1324, 1243}
3 {3412, 3142, 4132, 1324, 1243}
4 {3412, 3142, 1324, 1423, 1243} (1− 9x + 34x2 − 69x3 + 81x4 − 58x5 + 26x6 − 5x7)/((1− 3x + x2)(1− x)5(1− 2x))

2963 1 {2143, 3412, 4132, 1342, 1324}
2 {2143, 3412, 1432, 1324, 1243} (1− 6x + 13x2 − 11x3 + 3x4 − 5x5 + 2x6)/((1− 3x + x2)(1− x)2(1− 2x))

2968 1 {2143, 3412, 1342, 1324, 1423} (1− 7x + 20x2 − 29x3 + 23x4 − 13x5 + 3x6)/((1− 3x + x2)(1− x)5)

2972 1 {2143, 3142, 3124, 1324, 4123} (1− 7x + 18x2 − 20x3 + 10x4 − 5x5 + x6)/((1− 3x + x2)(1− 3x + 2x2 − x3)(1− 2x))

2974 1 {2143, 3142, 4132, 1324, 4123} (1− 7x + 17x2 − 14x3 − 2x4 + 2x5 + x6)/((1− 3x + x2)(1− x)(1− 2x)(1− 2x− x2))
2976 1 †{2143, 3142, 1432, 1342, 1423}

2 †{2143, 3142, 1432, 1423, 1243}
3 †{2143, 3142, 1342, 1423, 1243}
4 †{3142, 1432, 1342, 1423, 1243} (1− x−

√
1− 6x + 9x2 − 8x3 + 4x4)/(2x(1− x + x2))

2984 1 {2143, 3142, 1324, 4123, 1423} (1− 7x + 18x2 − 20x3 + 10x4 − 6x5 + 2x6)/((1− 3x + x2)(1− 3x + 2x2 − x3)(1− 2x))

2989 1 {2143, 3124, 4132, 1324, 4123} (1− 6x + 12x2 − 6x3 − 4x4 − x5)/((1− x)(1− 2x)2(1− 2x− x2))

3007 2 {2134, 3142, 1324, 4123, 1423} (1− 6x + 12x2 − 6x3 − 5x4 + 2x5 + x6)/((1− 3x + x2)(1− x)(1− 2x)(1− x− x2))

3013 1 †{2143, 4132, 1342, 1324, 1243} C(x) + (1− x2C(x))x3C4(x)/(1− x)

3016 1 †{2143, 4132, 1342, 1423, 1243} (C(x) + x4C3(x)/(1− x))/(1− x3C3(x))

3105 2 {4312, 3412, 3142, 1324, 1423} (1− 6x + 13x2 − 10x3 + x4 − x5)/((1− x)(1− 2x)3)

3107 1 {2134, 3412, 3142, 1324, 4123} (1− 5x + 10x2 − 8x3 + 4x4 − 2x5 + x6)/((1− x)4(1− 2x))
3120 1 {2134, 3412, 1342, 1324, 1423}

2 {2134, 3412, 1342, 1423, 1234}
3 {3412, 1342, 1324, 1423, 1234}
4 {3412, 1342, 1423, 1243, 1234} (1− 7x + 21x2 − 33x3 + 30x4 − 15x5 + 4x6)/((1− x)6(1− 2x))

3121 1 {2134, 3412, 1342, 4123, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 7x5 + x6 + 3x7 − 2x8)/((1− x)5(1− 2x))
3164 1 †{2134, 2314, 1423, 1324, 1243}

2 †{2134, 3124, 1342, 1243, 1234} (C(x)− x3C3(x)/(1− x))/(1− x3(1 + C(x))C2(x)/(1− x))

3165 1 †{2134, 3124, 1342, 4123, 1243} C(x) + x3C2(x)/(1− x)2 + x4C2(x)/(1− x)

3166 1 †{2134, 3124, 1342, 1423, 1243} C(x)/(1− x3C2(x)/(1− x)− x4C2(x)/(1− x))
3207 1 †{2134, 1342, 1324, 2341, 1423}

2 †{2134, 1324, 4123, 1423, 1243} C(x) + x3(1 + x)C3(x)/(1− x− x2)

3208 1 †{2134, 1423, 1324, 2341, 1243} C(x) + x3(1− 2x2)C2(x)/((1− x)2(1− x− x2))

3209 1 †{2134, 1342, 1324, 4123, 1234} C(x) + x3C3(x)/((1− x)(1− x− x2))

3210 1 †{2134, 1342, 4123, 1423, 1243} C(x) + x3C2(x)/(1− x) + x4C2(x)/(1− x) + x4(1 + x2)C2(x)/((1− 2x)(1− x))
3211 1 †{2134, 1423, 2341, 1243, 1234}

2 †{1342, 1324, 4123, 1243, 1234} C(x) + x4C2(x)/(1− x)3 + x3C2(x)/(1− 2x)

3212 1 †{2134, 1324, 4123, 1243, 1234} C(x) + x3(1− x + x2 − 2x3)C3(x)/((1− x− x2)(1− x)2)
3213 1 †{4312, 3412, 3142, 3124, 1423}

2 †{4132, 1342, 1324, 1423, 1243} ((1− 2x + 3x3 − x4)C(x)− x + 2x2 − 2x3)/(1− x)3

3215 1 †{3142, 2143, 1432, 1342, 1243} The generating function f = FT (x) satisfies x2f3 − x(2 + x2)f2 + (1 + x)f − 1 = 0

3221 2 {3412, 3142, 4132, 1342, 1423} (1− 6x + 12x2 − 9x3 + 3x4)/((1− 4x + 4x2 − 2x3)(1− 3x + x2))

3222 1 {4312, 3412, 3142, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 8x5 + 4x6 − 3x7 − x8)/((1− 2x)2(1− x)4)

3224 2 {4312, 3124, 4132, 1324, 1423} (1− 8x + 26x2 − 42x3 + 34x4 − 13x5 + 2x6 + x7)/((1− 2x)3(1− x)3)
3226 1 †{4312, 3412, 3124, 4132, 4123}

2 †{3142, 1432, 1342, 1324, 1423}
3 †{3124, 1324, 1423, 1243, 1234} C(x)/(1− x3C4(x))

3238 1 {4312, 3412, 4132, 1324, 4123} (1− 6x + 14x2 − 14x3 + 6x4 − x5 − x6 + x7 + x9)/((1− 2x)2(1− x)3)
3266 1 {4312, 3142, 4132, 1324, 4123}

2 {3412, 3142, 4132, 1324, 4123} (1− 8x + 27x2 − 48x3 + 48x4 − 27x5 + 9x6 − 2x7 − 2x8)/((1− 2x)2(1− x)5)

3282 1 {4312, 3142, 1324, 4123, 1423} (1− 9x + 35x2 − 75x3 + 96x4 − 76x5 + 39x6 − 14x7 + 2x8)/((1− 2x)2(1− x)6)

3290 1 {4312, 3124, 4132, 1324, 4123} (1− 8x + 26x2 − 42x3 + 34x4 − 12x5 + x7 + x8)/((1− 2x)3(1− x)3)

3372 1 {3412, 3124, 4132, 1324, 4123} (1− 7x + 20x2 − 28x3 + 20x4 − 7x5 + x7 − x8)/((1− 2x)2(1− x)4)

3376 1 {3412, 3124, 1324, 4123, 1423} (1− 7x + 20x2 − 28x3 + 20x4 − 5x5 − 2x6)/((1− 2x)2(1− x)4)

3377 1 {3412, 3124, 1324, 4123, 1243} (1− 6x + 15x2 − 18x3 + 12x4 − 4x5 − x6 − x7)/((1− 2x)(1− x)5)
3378 1 {3412, 3124, 1324, 1423, 1243}

2 {3412, 3124, 1324, 1423, 1234}
3 {3412, 3124, 4123, 1423, 1234}

9
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Continuation of Table 1
i j T = Tij FT (x)

4 {3412, 1324, 4123, 1423, 1243}
5 {3412, 1324, 4123, 1423, 1234} (1− 7x + 21x2 − 33x3 + 30x4 − 15x5 + 2x6)/((1− 2x)(1− x)6)

3379 1 {3412, 3124, 4123, 1423, 1243} (1− 9x + 35x2 − 75x3 + 96x4 − 74x5 + 30x6 − 3x7)/((1− 2x)2(1− x)6)

3381 1 {3412, 4132, 1432, 1324, 1243} (1− 8x + 26x2 − 43x3 + 38x4 − 21x5 + 9x6 + x7 − x8)/((1− 2x)(1− x)4(1− 3x + x2))

3383 1 {3412, 4132, 1324, 4123, 1423} (1− 8x + 27x2 − 48x3 + 48x4 − 27x5 + 8x6 − 2x8)/((1− 2x)2(1− x)5)

3385 1 {3412, 4132, 1324, 1423, 1243} (1− 7x + 20x2 − 29x3 + 23x4 − 13x5 + 2x6 + 3x7 − x8)/((1− x)5(1− 3x + x2))

3388 1 {3412, 1324, 4123, 1243, 1234} (1− 6x + 15x2 − 18x3 + 12x4 − 4x5 − x6 − 2x7)/((1− 2x)(1− x)5)

3389 1 {3412, 4123, 1423, 1243, 1234} (1− 8x + 27x2 − 48x3 + 48x4 − 26x5 + 5x6 − x7)/((1− 2x)2(1− x)5)

3390 1 {3142, 3124, 4132, 1324, 4123} (1− 4x + 3x2 + 4x3 + x4)(1− x)/((1− 2x)2(1− 2x− x2))
3401 1 †{3142, 1342, 1324, 1423, 1243}

2 †{3124, 1342, 1324, 1423, 1243} C(x)/(1− x3C2(x)/(1− 2x)), [17]
3407 1 {3124, 4132, 1324, 4123, 1423} (1− 7x + 18x2 − 18x3 + 3x4 + 4x5)/(1− 2x)4

3425 1 †{2314, 1423, 1324, 2341, 1243} C(x) + x3C2(x)/(1− 2x) + x4C2(x)/(1− x)2

3426 1 †{3124, 1342, 1324, 1243, 1234} C(x)/(1− x3(1− x)(1 + C2(x))C3(x)/(2− 2x + x2))

3441 1 †{1324, 4123, 1423, 1243, 1234} C(x) + (1− x)x3C4(x)/(1− 2x), [17]
End of Table 1

3. Conclusion

This paper completes the Wilf-classification problem for permutations avoiding a set of patterns in S4, that is, we determine
all subsets T, T ′ ⊂ S4 with #T = #T ′ = k where #Sn(T ) = #Sn(T ′) for all n ≥ 0. Moreover, it completes finding an explicit
formula for the generating function FT (x) for any T ⊆ S4, expect for only two cases:

• F{1324}(x),

• F{3214,1324,2134}(x),

as discussed in the introduction.
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